In this paper a novel flexible joint is proposed for robotic fish pectoral fins, which enables a swimming behavior emulating the fin motions of many aquatic animals. In particular, the pectoral fin operates primarily in the rowing mode, while undergoing passive feathering during the recovery stroke to reduce hydrodynamic drag on the fin. The latter enables effective locomotion even with symmetric base actuation during power and recovery strokes. A dynamic model is developed to facilitate the understanding and design of the joint, where blade element theory is used to calculate the hydrodynamic forces on the pectoral fins, and the joint is modeled as a paired torsion spring and damper. Experimental results on a robotic fish prototype are presented to illustrate the effectiveness of the joint mechanism, validate the proposed model, and indicate the utility of the proposed model for the optimal design of joint depth and stiffness in achieving the trade-off between swimming speed and mechanical efficiency.
Introduction
Development of robotic fish has been inspired by unique characteristics of swimming in live fish and other aquatic animals, such as agility, maneuverability, and efficiency [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Robotic fish change their body shape or flap different fins to generate propulsion [17] [18] [19] [20] [21] [22] [23] [24] [25] . According to [26] , based on the propulsors that fish use, their locomotion can be divided into two main categories: median/paired fin propulsion, and body/caudal fin propulsion. In this work, we consider the case where a robotic fish oscillates its paired pectoral fins to generate thrust. The pectoral fin propulsion provides good maneuverability and stability for robotic fish [27] . There are some studies dealing with robotic fish propelled by paired pectoral fins. Most of the early investigations employed rigid pectoral fins that were motor-driven to produce different fin motions [28] [29] [30] [31] . Several recent studies investigated the impact of flexible pectoral fins on robotic fish performance [32, 33] . In order to generate a net thrust, there are typically two strategies. The first strategy involves the use of multiple actuators for each pectoral fin, to provide combinations of different degrees of freedom, namely rowing, feathering and flapping, where the axes of rotation are vertical, transverse, and longitudinal, respectively. Although this strategy enables the mimicking of live fish pectoral fin motion, it results in large size and high energy consumption for robotic fish [29, 30] . An alternative actuation strategy is to use a single actuator per fin to maintain the small robot size, but employ different power and recovery stroke speeds to minimize the drag force during the recovery stroke. However, this method tends to significantly slow down the fish in the extended recovery stroke period [33] . This issue was addressed in [34] , where the authors proposed a design of a passive joint for the rowing motion, which enables the pectoral fin to sweep back passively (along the same rowing axis) in order to minimize the drag force during the recovery stroke.
In this study, to more precisely mimic drag-based labriform swimming mode of live fish [26] , we combine two different pectoral fin motions, rowing and feathering, realized with only a single actuator per fin, as illustrated in figure 1. As discussed in [35, 36] , a real fish rarely moves its pectoral fin by an exclusive rowing or feathering movement; instead, it uses a combination of these motions to move forward. The contribution of this paper is the design and modeling of a flexible, passively feathering joint that enables the robotic fish to mimic the drag-based labriform swimming mode. Here, the pectoral fin motion is divided into two phases, namely, power and recovery strokes. During the power stroke, the mechanical stoppers of the designed joints allow the paired fins to move backward with respect to the body, following a prescribed rowing motion. This would induce a drag force opposite to the moving direction of the fins, pointing in the forward direction. In the recovery stroke, the pectoral fin feathers passively while following the actuated rowing motion, which effectively reduces the drag force on the fin. The mechanism of the joints and how the stoppers work in each cycle are described in detail in section 2. The proposed joint reduces the cost and complexity of the fin motion, comparing to adopting an active feathering fin [29, 30] .
The dynamic model of the pectoral fin is developed based on blade element theory [19] , where the joint is modeled as a pair of torsional spring and damper. With the consideration of the combined rowing and feathering motions, the 3D hydrodynamic forces are captured in the model. The model is then validated by conducting different experiments on a robotic fish. The performance of the robotic fish utilizing the flexible feathering joint is also compared with the case where differential actuation during power/recovery strokes is adopted along with a traditional rigid joint. The effect of the depth and stiffness of the flexible joint is further investigated using the dynamic model, which is also validated with experiments. Finally, the mechanical efficiency of the robotic fish is computed for flexible feathering joints for different spring constants and operating frequencies, which provides insight that is useful in optimizing the joint design and the frequency regime of fin flapping.
A preliminary version of this work was presented at the 2014 ASME Dynamic Systems and Control Conference [37] . The improvement of this paper over [37] includes the following. First, on the experimental side, data reported here were collected with a new robotic fish prototype using an enhanced experimental setup (for example, robot trajectories were captured and extracted with an OptiTrak system, while in [37] the measurements were conducted manually). Most, if not all, figures involving data in this paper are different from those in [37] . Second, the analysis of mechanical efficiency was not included in [37] . Finally, the writing has been polished throughout the paper. In another line of work by the authors [34, 38] , an alternative design of flexible joints for pectoral fins was proposed, where the flexible rowing joint allows the fin to sweep back passively (along the same rowing axis) during the recovery stroke. That work, which does not involve feathering motion, is complementary to the current paper with minimal overlap.
The remainder of this paper is organized as follows. In section 2 the design and prototyping of the proposed flexible joint are described in detail. The dynamic model of the joint along with the model for robotic fish adopting such joints is presented in section 3. In section 4 the experimental setup is described and experimental results are provided along with the simulation results to validate the dynamic model. Section 5 is focused on the effect of joint depth and stiffness. Section 6 addresses the calculation of the mechanical efficiency of the robotic fish adopting the flexible joint. Finally, concluding remarks are provided in section 7.
Design of flexible feathering joint
This section covers the details of design and prototyping of the flexible feathering joint. As mentioned earlier, each pectoral fin follows a rowing motion prescribed by the servo motor, which actuates the proximal end of the fin symmetrically during the power and recovery strokes. Our primary goal is to minimize the drag force during the recovery stroke, by adding another degree of freedom to the pectoral fin, without utilizing any additional actuator. To accomplish this goal, a flexible feathering joint is designed to enable the pectoral fin feather passively when it is rowed back during the recovery stroke. This mode of swimming is called drag-based labriform swim, and is illustrated in figure 1 . In particular, the pectoral fin maintains the servo-prescribed rowing motion during the power stroke, to produce a maximum net thrust, while it rotates passively along the transverse axis (feathers) during the recovery stroke, to reduce the hydrodynamic drag on the fin.
The proposed feathering joint design is shown in figure 2 . The entire joint mechanism consists of a rigid servo arm connector that connects the whole joint/fin structure to the servo motor, a mechanical stopper, a fin mount and a rectangular flexible piece (shown in black in figures 2(a) and (b)), serving as the feathering joint, which connects the fin mount structure to the servo arm connector. During the power stroke, the mechanical stopper enable the pectoral fin to maintain the rowing motion prescribed by the servo motor, as shown in figures 1(a) and 2(a), while during the recovery stroke, the flexible joint enables the fin to feather passively and reduce the hydrodynamic drag force, as shown in figures 1(b) and 2(b).
Flexible feathering joints are prototyped using a multi-material 3D printer (Connex 350 from Object), which is capable of simultaneously jetting rigid and flexible materials, resulting in seamless integration of the pliable and rigid components of the flexible joint mechanism, as shown in figure 2(c). All the rigid parts (servo arm connector and fin mount) are printed with the material RGD835 (VeroWhitePlus). Two different flexible materials, FLX980 (TangeBlackPlus), which is the most flexible material supported by the printer, and DM9850 (Digital Material 9850), which is stiffer than FLX980 but still flexible enough, are explored for the flexible part of the feathering joint structure. Other than different materials, it is also our goal to investigate the impact of joint dimensions on the propulsion performance. For this purpose, a total of four joints are printed, three using FLX980 and one using 3. Dynamic model of fin-actuated robotic fish incorporating the flexible feathering joint 3.1. Hydrodynamic forces on the fin In this section, first we describe the use of blade element theory in representing the hydrodynamic force on the fin, for a given fin movement pattern, which is determined by the (yet to solve) dynamics of the flexible joint, namely, the feathering dynamics. The hydrodynamic force is then incorporated into the dynamic model for the feathering motion, which is captured via a pair of torsional spring and damper. Finally, the total hydrodynamic forces and moments resulting from the fin mechanism are used to develop the dynamic model for the robotic fish propelled by the fins.
Adapted from [19] , the blade element theory is used to evaluate the hydrodynamic forces on the pectoral fins. For all these calculations, we assume an anchored robotic fish body. This assumption is often adopted in the literature for similar problems [5, 39, 40] . While this simplification introduces modeling error, the resulting error is typically acceptable considering the much larger fin velocity comparing to the velocity of the robotic fish itself. For ease of Figure 2 . The proposed flexible feathering joint: (a) during the power stroke, the mechanical stopper prevents the fin from feathering, (b) during the recovery stroke, the fin rotates and tends to align with the horizontal surface, to reduce the drag force on the fin, and (c) 3D-printed feathering passive joint assembled on the robotic fish.
calculation, the pectoral fin is considered to be rigid and rectangular with span length S and chord length (depth) C. We divide the pectoral fin movement cycle into power and recovery strokes, and study each separately. During the power stroke, the pectoral fin undergoes a rowing motion prescribed by the servo motor; therefore, the fin plane stays vertical and the hydrodynamic forces are restricted to the horizontal plane, as shown in figure 4 . Here, all the calculations are done for the left pectoral fin, which can be extended to the right fin in a straightforward manner.
During the power stroke, the relation between the orthonormal unit vectors [ˆˆˆ] m n p , , and the bodyfixed coordinate system is given by
where γ is the prescribed angle of the servo arm with respect to the body headingî . In blade element theory, the hydrodynamic force
where ρ denotes the water density, ( ) v s t , p  is the velocity of each blade element of the pectoral fin, and C n is the normal force coefficient, which is dependent on the angle of attack of the blade, a ( ) s t , . Here, we consider a
, by utilizing an empirically evaluated model for insect wing which was used for a robotic fly [41] and robotic 'boxfish' [42] . Even though insects (or robotic insects) fly in air while robotic fish swim in water, the associated fluid dynamics will have similar behavior if their Reynolds numbers are close. In particular, the Reynolds number of the robotic fish in this work is at the order of 10 3 , which is close to the Reynolds number reported in [41] for the robotic fly (30-1000).
The velocity of each element, ( ) where á ñ · · , denotes the inner product. With the anchored body assumption, it is easy to verify that the angle of attack is 90°.
is expressed as
The total hydrodynamic force acting on each pectoral fin is calculated by integrating the force density along the span length of the fin
On the other hand, during the recovery stroke, the pectoral fin undergoes a 3D motion. We modify the blade element theory, so that we have blades in both span and chord length of the fin, resulting in 2D elements, which we use to evaluate the hydrodynamic forces. The fin parameters during the recovery stroke are shown in figure 5 , where Λ is the feathering angle that we need to find in order to fully know the pectoral fin dynamics. Note that the feathering angle L = 0 during the power stroke.
The relationship between the pectoral fin coordinate system and the body-fixed coordinate system is as follows
where Λ is the feathering angle defined with respect to -k. The blade element theory is revised to evaluate the hydrodynamic forces on a 2D element of the pectoral fin. The hydrodynamic drag force produced by each element c s d d during the recovery stroke is evaluated as  , which depend only on s and t in (4) but depend on s c , , and t in (11), and hope their meanings will be clear from the context. The total hydrodynamic force is evaluated by integrating the force density over the surface of the pectoral fin
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Solving the feathering dynamics During the power stroke, the rigid fin follows the servo motion (L = 0), and the corresponding hydrodynamic force on the fin can be evaluated given the servo motion. On the other hand, during the recovery stroke, the evaluation of the hydrodynamic force (equation (11)) requires knowing the feathering angle Λ, which has to be solved for through the dynamics equation for the feathering joint. The total force acting on the rigid fin is represented as
where F h P  is the hydrodynamic force on the rigid fin (calculated based on the equations presented in section 3.1), F A 1  represents the force applied by the rigid fin (through the joint) on the servo arm, and m p is the effective mass of the rigid pectoral fin, which contains the fin mass and the added mass (where the added mass is calculated base on a rigid plate moving in the water).
Since we need to find the feathering angle of the fin, Λ, the projection of the hydrodynamic force inn direction produces the corresponding moment. The moment of the rigid fin relative to its pivot point is evaluated as 
is a function of Λ and L . The moment produced by the flexible feathering joint, which is modeled as a pair of torsional spring and damper, is evaluated as
where K S and K D are the spring and damper coefficients used to model the flexible feathering joint. The total moment equation of the rigid fin relative to its pivot point of feathering is written as
where I p is the effective inertia of the rigid fin (which contains the fin inertia and the added inertia, and is calculated base on a rigid plate moving in the water) and L is the angular acceleration of the fin in m-direction. By solving equation (17), the dynamics of the pectoral fin with a flexible feathering joint during the recovery stroke is fully described.
Hydrodynamic forces and moments on the robotic fish
The hydrodynamic force transmitted to the servo arm can be obtained as -= -
The total force exerted by the arm on the robot body is
The moment applied by the fin on the body is represented as
Other than hydrodynamic forces and moment transmitted from the pectoral fins, the robotic fish body experiences drag force F D , lift force F L , and drag moment M D , which can be represented as [10, 28, 39] 
where V C is the linear velocity magnitude of the robotic fish body, w C z is the angular velocity of the body about the z-axis, ρ is the mass density of water, S A is the wetted surface area for the body, β is the angle of attack of the body, formed by the direction of body velocity vector with respect to the x-axis. C C , D L and C M are the dimensionless drag force, lift force, and damping drag moment coefficients, respectively, and ( ) sgn . is the signum function. 
where m b is the robotic fish actual mass, -m a x and -m a y represent the added mass effects along the x and y directions of the body-fixed coordinates, respectively. I z is the robot inertia and -I a z is the added inertia of the robot about the z-axis. The variables f f , x y and t z indicate the external hydrodynamic forces and moment exerted on the fish body center of mass, which are induced by the pectoral fin motion and the interaction of the robotic fish body with the surrounding fluid, which can be described as
Finally, the kinematic equations for the robot in the inertial coordinate system are described as [39] ,
where ψ denote the angle between the x-axis and X-axis.
Experimental results
4.1. Robotic fish prototype and experimental setup Experiments are performed to study the performance of a robotic fish with flexible feathering joint and validate the proposed mathematical model. The robotic fish body is designed in SolidWorks software and 3D-printed, as shown in figure 6 . The body is about 15 cm long, 8 cm high and 4.6 cm wide without the pectoral and caudal fins, and weighs close to 0.3 kg. An Arduino pro mini microcontroller board is incorporated in the robot to realize the control of servos. The robot body also houses a power converter printed-circuit board with voltage regulators for the motor and electronics. A where g A is the amplitude in degrees and w g denotes the angular frequency of fin flapping. The pectoral fins are made of a light plastic material (polypropylene) that has 0.5 mm thickness with Young's modulus of approximately 2 GPa, which is considered to be almost rigid.
As shown in figure 7 , the experiments are conducted in a water tank that measures 2 feet wide, 6 feet long, and 2 feet deep. The tank is equipped with a motion capture system from NaturalPoint, which contains four Optitrack Flex 13 cameras along with Motive software to capture the motion of robotic fish. Two different experiments are conducted to evaluate the proposed dynamic model. First, the robotic fish is studied when the body is anchored to measure the feathering angle, and second, free-swimming of the robotic fish is run to measure the forward swimming velocity, turning radius, and turning period. All the measurements are done approximately 30 s after the robot initiated swimming to ensure that it has reached steady-state motion. The experiment for each setting is repeated 10 times. At the end, the captured videos are analyzed by the Motive software to extract the steady-state speed for the forward swimming, and the turning radius and period for the turning motion. are semi-axis lengths of the body [10] . The added masses, added inertia and wetted surface are calculated by approximating the robot body as a prolate spheroid accelerating in the fluid [10, 45] . The parameters used in simulations are listed in table 1.
Parameter identification
The robotic fish drag and lift coefficients, C C , D L , and C M , are identified empirically using the collected data from the robotic fish equipped with rigid joints for the pectoral fins. With rigid joints, we need to have different power and recovery stroke speeds to produce a net thrust [33] . This ratio is indicated as ( )
P R
Power stroke speed Recovery stroke speed , which is equal to 1 for the symmetric fin flapping. Here, we experiment with the cases of . These parameters are then used for model validation of various other cases involving the same feathering joint.
Comparison between flexible feathering and rigid joints
First, we provide a comparison on the forward swimming velocity of the robotic fish with the flexible feathering joint, with that of a rigid joint. Here, rigid joint refers to a rigid connection between the servo arms and the pectoral fins. For the rigid joint case, in order to have a net thrust, we use different power and recovery stroke speeds, introduced in section 4.2. From figure 8 , one can conclude that, the performance of the flexible feathering joint outperforms the rigid joint case at higher frequencies (1.3 Hz and above). For lower fin-beat frequencies, the rigid joint cases outperform the flexible feathering joint. Note that the relationship between the flapping frequency and the swimming speed is almost linear up to a threshold value for the flapping frequency, which is observed naturally in fish [46] .
Dynamic model validation
This subsection describes the experiments carried out on the robotic fish with flexible feathering joint, to validate the proposed mathematical model. Two kinds of experiments are performed in still water for validation purposes. For the first set of experiments, the robot body is fixed using a bracket. The pectoral fins are actuated with g w
90 . The motion of the right pectoral fin is tracked from the side (xz plane), using a Casio Exilim (EX-FH25) highspeed camera, recording at 40 frames per second. The videos are then processed and the maximum feathering angle with respect to -k is measured and compared to those predicted by the model. Figure 9 shows the maximum feathering angle during the recovery stroke, in both simulation and experiments at different fin-beat frequencies. The model is able to capture the maximum feathering angle well for all frequencies up to 1.5 Hz. For higher frequencies, the discrepancy between the model prediction and the measurement starts to grow. This can be attributed to the constraint of the fabrication, which imposes a limitation on the feathering angle of the joint.
For the second set of experiments, the robotic fish is allowed to swim freely in the tank. Both forward swimming and turning are enabled with the pectoral fins incorporating the flexible feathering joints. Figure 10 shows the experimental and simulation results where the forward swimming velocities of the robotic fish are plotted at different fin-beat frequencies. The forward swimming velocities of the robotic fish is reported both in cm s -1 and BL s -1
scales. Figures 11 and 12 show similar comparisons on the turning radius and turning period of a free-swimming robotic fish. The results of figures 10-12 show that the proposed model is able to capture the motion of the robotic fish with flexible feathering joints very well. In particular, for the tested frequency range, the forward swimming velocity increases with the fin-beat frequency. In the turning case, the turning period (the time it takes to complete one turn) drops with the increasing fin-beat frequency, which matches with one's intuition, and the turning radius increases with fin-beat frequency.
Effect of flexible joint depth and stiffness
Here, we study the effect of different parameters of the flexible feathering joint on its performance. As described in [47] , the stiffness of the torsional spring constant is evaluated as
where h is the thickness, l is the length (which corresponds to the depth in the case of the proposed flexible joint), d is the width, and E is the Young's modulus of the flexible material used for the passive joint. The damper coefficient K D is evaluated as
, where κ is a proportional constant. Keeping the width and thickness of the joint constant, the spring coefficient can be varied by changing the depth (l) and stiffness (E) of the flexible joint. This study will let us further validate the proposed mathematical model and provides useful information on the joint optimization.
We choose three different depth for the flexible feathering joint made of FLX980 material, 0.5 mm, 1 mm and 1.5 mm (Joints JF1, JF2, and JF3). The spring and damper constants for JF2 and JF3 are calculated using equation (33) , where the Young's modulus (E) and κ values are kept the same as the ones for JF1. Figure 13 shows the model prediction and experimental results of forward swimming velocity at different fin-beat frequencies, for different flexible feathering joint lengths. The joint JF1 (least flexible among the three) has the best performance among the three joints in the higher fin-beat frequencies (higher than 1.75 Hz). For lower frequencies, joint JF3 (most flexible among the three) outperforms the other two. So we can conclude that the more flexible joint performs better at lower frequencies, while the stiffer joint has a better performance at higher frequencies. We 
can see that the model is able to capture the joint depth-dependence of the forward swimming velocity effectively for all three cases. Here, the experimental limit for the actuation frequency is 2 Hz, so we have extended the simulation results to fin-beat frequency of 3 Hz in order to capture the performance trend of each joint. The forward swimming speed will drop after reaching an optimal frequency for each case.
Finally, we investigate the effect of changing the stiffness (E) of the joint on the robotic fish performance. Here, we choose two flexible feathering joints with the same dimension, one using FLX980 as the flexible material, joint JF1, and the other using DM9850 as the flexible material, joint JF4. The spring and damper coefficients for JF4 are identified to be = K 0.0018 N m S and = K 0.0064 N m s D using the same method described in section 4.2, and are kept the same for model prediction of all other cases using the same joint. The comparison of forward swimming velocity using these two joints are reported in figure 14 . It can be seen that there is good match between the model prediction and experimental data. Overall, the joint JF1 outperforms JF4 at lower frequencies, while the joint JF4 starts to outperform joint JF1 at higher frequencies. Again, we have extended the model prediction results to capture the performance of the joints at higher frequencies.
Mechanical efficiency
In this section, we calculate the propulsive efficiency of the robotic fish swimming with the flexible feathering joint for the pectoral fins. The efficiency during the steady-state swimming is calculated as [19] 
where W b is the amount of useful work needed to propel the robotic fish and W T is the total work done by the pectoral fins for each fin-beat cycle. This efficiency is called mechanical efficiency, since the energy losses, such as frictional losses or the power used to run the motors, are not considered in the calculations. During steadystate swimming, when the robot swims with a constant speed V C mean , the drag force acting on the body is balanced by the thrust force F T . So we have
So the useful propulsive power is calculated by multiplying thrust force, F T , by the constant speed, V C mean , resulting in the useful work . Note that even at the steady-state, the actual velocity is not a constant; instead, it periodically fluctuates around some value. Therefore, V C mean in equation (35) is evaluated by the distance traveled over N cycles (for example, N = 10) divided by NT 0 .
The total work done by the paired pectoral fins, W T , is obtained as ò ò
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where, t 0 denotes the beginning of a fin-beat cycle and '·' denotes the inner product. Note that at some time instants t, the instantaneous mechanical power exerted by pectoral fins on water could be negative; however, since the servos cannot reclaim this energy from water, we treat the instantaneous power at such t as zero, which explains the operator { ·} max 0, in equation (37) . Figure 15 shows the results for calculated mechanical efficiency, along with the corresponding forward swimming velocity, for joints JF1, JF2 and JF3. Joint JF3 has highest efficiency at lower frequencies and joint JF1 is the most efficient at higher frequencies. Each joint has a maximum efficiency at a certain frequency. So we can conclude that a more flexible joint (JF3) is more efficient at lower frequencies and a less flexible joint (JF1) is more efficient at higher frequencies. Figure 16 (a) shows the efficiency curve versus different fin-beat frequencies and spring constant values (K S ). This figure shows that the robotic fish performs more efficiently in lower fin-beat frequencies with more flexible feathering joints up to a certain optimal stiffness. Figure 16(b) shows the spring constant of the feathering joints that have maximum mechanical efficiency in different fin-beat frequencies. From this figure, we can conclude that, the more flexible feathering joints are performing more efficiently at lower fin-beat frequencies, while the stiffer joints act more efficiently at higher frequencies. Note that, there is an optimal point for the maximum efficiency among all the feathering joints. From figure 16 (c), one can see there is an optimal spring constant for the maximum efficiency. For any joint stiffer or more flexible than this optimal amount, the efficiency starts to drop. Note that a similar trend is observed in [48] [49] [50] [51] . Overall, figures 15 and 16 indicate that the optimization of the flexible joint presents an interesting, multi-objective design problem that involves consideration of the joint stiffness, dimension, and the frequency of fin operation. The proposed dynamic model in this paper shows promise in addressing the optimal design problem. Table 2 presents the mechanical efficiency and Strouhal number for joints JF1, JF2, and JF3. Here the Strouhal number of the robotic fish is calculated as
where f is the flapping frequency, A is the flapping amplitude for pectoral fin, and V C mean is the average swimming speed. Here the flapping amplitude A = g S 2 sin , where S is the pectoral fin span length and γ is the angular amplitude of flapping [21, 30] . We observe consistent (negative) correlation between the efficiency and the Strouhal number. In particular, for each joint, at the fin-beat frequency where the efficiency achieves the maximum, the corresponding Strouhal number is the lowest. Note that the Strouhal number for biological fish is usually in the range of 0.05-0.6, and the numbers presented here are bigger than that range. The reason is that the robotic fish used in this study swims forward with its pectoral fins alone, which results in relatively slow speeds and thus relatively high Strouhal numbers comparing to its biological counterparts. From table 2, the robotic fish tends to have higher mechanical efficiency when its Strouhal number gets closer to the range for biological data. 
Conclusion and future work
In this study, we have proposed a novel design for a flexible passive joint, which enables the pectoral fins to move similar to the drag-based labriform swimming mode. A dynamic model is presented for a robotic fish propelled by a pair of rigid pectoral fins connected to the actuators via the proposed flexible feathering joints. The joint enables the pectoral fin to be actuated symmetrically to row for power and recovery strokes, while providing feathering about the transverse axis during the recovery stroke to minimize the drag force. The combined rowing and feathering results in 3D movement of the pectoral fin, which needs to be captured properly in the modeling.
The blade element theory is used to evaluate the hydrodynamic forces on the pectoral fin during both power and recovery strokes. The flexible feathering joint is modeled as a pair of torsional spring and damper. A complete dynamic model for a robotic fish incorporating the proposed joints is also presented. To validate the proposed dynamic model, we have measured the feathering angle of an anchored robotic fish, along with the forward velocity, turning radius and period of the robot during free swimming, and compared those to the model predictions. Multiple flexible feathering joints have been explored to study the effect of depth and stiffness of the flexible part. The mechanical efficiency of the robotic fish in forward swimming is explored numerically, to understand the trade-offs in the joint design and operation frequency.
There are several directions in which the current work can be extended. First, in this paper, the main concern was to study the performance of flexible feathering joint, so all the studies are done on a rigid, rectangular pectoral fin. It is of interest to extend the current work to flexible pectoral fins of different shapes. Another interesting research direction will be to explore the interaction between the flexible caudal fin and the pectoral fins, in which case the caudal fin can be considered as a propulsion source to enable a higher swimming speed, while the pectoral fins are used for accurate steering and turning. 
